In this paper we propose a new dark energy model in the teleparallel alternative of general relativity, by considering a generalized non-minimal coupling of a tachyonic scalar field with the teleparallel boundary term. Within the framework of teleparallel gravity, the boundary coupling term is associated with the divergence of the torsion vector. Considering the linear stability technique for various potentials and couplings, we have analyzed the dynamical properties of the present tachyonic dark energy model in the phase space, uncovering the corresponding essential dynamical features. Our study of the phase space structure revealed that for a specific class of potential energy, this model exhibits various critical points which are related to different cosmological behaviors, such as accelerated expansion and scaling solutions, determining the existence conditions and the corresponding physical features.
I. INTRODUCTION
Einstein's theory of General Relativity (GR) has experienced unprecedented success in its power to explain astrophysical phenomena ranging from Solar System tests to strong field gravitational wave physics [1] . However, this theory of gravity has required important modifications due to observational realities which have arisen over the past few decades. In terms of the energy budget of the Universe, the first modification comes from observations of galaxies and their dynamical structure, which is only possible with the addition of approximately purely gravitational interacting particles, namely dark matter, which may potentially be beyond the standard model of particle physics [2, 3] . The second and larger contribution to the modification of GR comes from the relatively recent observation of the accelerating expansion of the Universe [4, 5] which is an observational fact, called dark energy. This can be accounted for in GR through the introduction of the cosmological constant however this poses its own problems [6] . The ΛCDM is the most successful model which can explain the current accelerated expansion and the evolution of the observable Universe at the level of background dynamics, involving the superposition between the dark matter fluid and the cosmological constant. On the other hand, the early period of the Universe also features several facets that need remedy. Most prominently, for ΛCDM to correctly produce our current picture of the Universe, a period of cosmological inflation must of taken place [7, 8] which would allow for a natural solution to the horizon problem. However, this may also necessitate further particles beyond the standard model [9] . Cosmologically, the time that should be best described by the ΛCDM model is the present or late-time period of the Universe. However, recent releases by the Planck collaboration have revealed a growing tension in the local and global measurements of H 0 and f σ 8 [10] . Now, it may be the case that the fundamental and observational problems surrounding ΛCDM may be resolved in the coming years, or it may be the case that ΛCDM needs to be changed in some way. Over the previous decades there has been concerted efforts in extending GR to account for certain elements of these problems [11] . However, it may also be the case that a new paradigm is needed to confront the growing requirements of constructing a viable theory of gravity. One such treatment is the teleparallel gravity approach where the Levi-Civita connection is replaced with the Weitzenböck connection [12] . The connection plays a crucial role in gravitational physics in that the expression of curvature, torsion, or nonmetricity is not a property of the manifold itself but of the connection which relates the elemental tangent spaces of the manifold [13] . In this way, one can choose to consider gravitation in terms of the curvatureless Weitzenböck connection which also observes the metricity property.
In teleparallel gravity, the gravitation is characterized by the torsion tensor, T ρ µν , instead of the Riemann tensor in GR and its extensions. As in the GR framework, a Lagrangian can be constructed to represent the gravitational field. Of particular interest, in teleparallel gravity, is that a Lagrangian can be constructed such that it is equivalent to the Einstein-Hilbert Lagrangian up to a total divergence or boundary term, B, that is
where T is called the torsion scalar and contains only second order terms, while the boundary term, B, encapsulates the higher order contributions to the Ricci scalar, R. This is the so-called teleparallel equivalent of general relativity (TEGR) which is equivalent to GR at the level of the field equations [14, 15] . The natural consequence of this realization is that every test of GR also becomes a test of TEGR with the difference that in TEGR gravity is again observed to act as a (Lorentz) force, and that the barrier with the quantum regime seems to have less tension [12] . Moreover, due to the second order nature of the torsion tensor, even in the case where the theory is extended to an f (T ) Lagrangian, the resulting field equations remain second order which has important consequences for the gravitational wave polarization modes of the theory. In fact, f (T ) gravity continues to exhibit the equivalent polarization modes as in the GR and TEGR settings [16] .
Given the decomposition of the Ricci scalar into the second and fourth order terms expressed in Eq. (1), we consider the analysis of a tachyonic dark energy model nonminimally coupled to the aforementioned separate contributions through different functionals. In particular, we choose to study a tachyonic scalar field which has been shown to produce an inflationary epoch and late-time accelerating solutions that do not violate the strong energy condition [17, 18] . These models are partially inspired by string theory [19] [20] [21] and k-essence theory [22] . In the teleparallel setting, scalar fields have been investigated to a moderate degree, with various extensions having been investigated in the cosmological context [23] [24] [25] [26] . Furthermore, the effects of the boundary couplings in scalar tensor theories have been discussed in various papers [23, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . A recent review on various studies related to dynamical analysis in different cosmological constructions can be found in [40] . In Ref. [41] , a tachyonic field is investigated for the modified teleparallel setting, late-time accelerating attractor solutions are found with a field equation of state that realistically tends to the current dark energy value. This approach was extended to more general models in Ref. [42] where the attractor solution context is further clarified.
The work is divided as follows: in Sec. II the tachyonic approach to extended teleparallel theories of gravity is introduced with a focus on the cosmological consequences of the treatment. In Sec. III, the dynamical analysis of the system is undertaken for specific choices of tachyonic field. Finally, in Sec. IV the conclusions are summarized and discussed. Unless stated otherwise geometric units are used throughout the paper. In addition, e a µ and E µ a represent the tetrads and the inverse of the tetrads respectively and the (+ − −−) metric signature is used.
II. GENERALIZED TACHYONIC TELEPARALLEL THEORIES OF GRAVITY
In this paper, we present a new teleparallel tachyonic model based on the following action
where κ 2 = 8πG, L m is a matter Lagrangian, T is the scalar torsion, B = (2/e)∂ µ (eT µ ) is the boundary term, f (φ) and g(φ) are scalar field dependent coupling functions, V (φ) is the potential and
is the kinetic term. The torsion tensor is identified as
where e a ν form a tetrad field of the gravitational system and represent coordinate transformations between the general manifold and the tangent space at any point, while ω a bµ form the spin connection components which are purely inertial and sustain the local Lorentz invariance of the theory [14, 43] . The torsion scalar is then defined through the contraction
where the superpotential is defined as
This work considers an analogous generalization of other Tachyonic models studied in the literature [41] . By taking, f (φ) = −g(φ), one recovers a Tachyonic theory with a non-minimally coupling between the scalar field and the Ricci scalar R due to the relation in Eq. (1). By taking g(φ) = 0, one recovers a teleparallel Tachyonic theory where the torsion scalar T is non-minimally coupled with the scalar field. In [44] , the authors found that this coupling allows the crossing of the phantom divide line. The new coupling between the scalar field and the boundary term is motivated from the scalar tensor theory studied in [45, 46] , where the authors found that, without fine-tunning, the system evolves to a late-time accelerating attractor solution. By taking variation with respect to the tetrad, we find the corresponding gravitational field equations given by
By taking variations with respect to the scalar field, one finds
For the flat FLRW metric in Cartesian coordinates, the metric is given by
where a(t) is the cosmological scale factor. This can equivalently be described by the tetrad field
which naturally induce vanishing spin connection components [14, 43] . The ensuing Friedmann equations then turn out to be represented by
where κ = 1 was assumed, dots represent differentiation with respect to cosmic time and primes with respect to the scalar field. It should be noted that a standard perfect fluid with energy density ρ m and pressure p m is being assumed. It is straightforward to show that the standard conservation of the energy-momentum tensor giveṡ
which is the standard conservation equation for matter. The scalar field relation in Eq. (8) takes the following form
It can be shown that this equation can be also found directly from the modified FLRW equations (11)- (12), therefore, it is not an extra constraint equation. The Friedmann equations can also equivalently be rewritten as their GR analogue with an additional effective fluid component so that
where ρ eff = ρ m + ρ φ and p eff = p m + p φ with the new fluid quantities defined as follows
It is then convenient to introduce the effective equation of state parameter
which means that the density parameters of the contributing components take the form
in such a way that Ω m + Ω φ = 1 holds.
III. DYNAMICAL SYSTEM OF THE MODEL
In this section, we will study the dynamical system of our model which only has non-minimally couplings between the scalar field and the boundary terms, therefore we will assume that f (φ) = 0, and g(φ) = 0. The dynamical system for the case f (φ) = 0 and g(φ) = 0 was studied previously in [41, 42] . Let us first introduce the following dimensionless variables
so that y > 0. By using these variables in the first FLRW equation in Eq. (11) and the definition of the energy density parameter given by Eq. (19) , one gets the constraint
which gives the phase space of the dynamical system. One needs to choose g(φ) to write down the full dynamical system of the model. Therefore, in the next sections, we will study two different kind of couplings: power-law and exponential types. We will further assume standard a barotropic fluid given by p m = w m ρ m .
A. Power-law coupling and exponential potential
Assuming a power-law coupling between the boundary term and the scalar field means setting
where χ and p are both constants. It is possible to write down the dynamical equations of the system as a 4-dimensional one with a generic potential. This can be done if one introduces the variable
By introducing the variable N = log(a), the dynamical system for this kind of couplings can be written as
This dynamical system assumes that p = 1. The case p = 1 is a very special one which gives a 3-dimensional dynamical system of equations, but generically, does not give any interesting cosmological behaviour. One more realistic model is the one where p = 2 which gives a coupling like (1/2)χφ 2 B which was studied in [45] . In that case however, nontachyonic scalar fields were considered. In what follows, we shall consider the case where we have a specific coupling, g(φ) = χφ p , with p = 2 and an exponential potential V (φ) = V 0 e −λφ , where λ is a positive constant. In this case, the dynamical evolution of the model can be described by a 3D autonomous system of differential equations
In this scenario, the effective equation of state for the dark energy field can be written as:
Next, the critical points are determined by considering that the RHS of Eqs. (28)- (30) are equal to zero, taking into account also the physical viability which requires: 0 ≤ Ω m = 1 − Ω φ ≤ 1, y ≥ 0, 1 − x 2 > 0 and the location of the corresponding critical points is the the real space. In the case of this specific power law coupling and for an exponential potential, the phase space structure has a reduced complexity, having only one critical point located at O(x, y, u) = 0, 1, λ 6 , with the following eigenvalues
(λ 2 + 6) (λ 2 − 48χ + 6) + λ 2 + 6 2 (λ 2 + 6) ,
This critical point corresponds to a de Sitter evolution, acting as a cosmological constant w eff = −1, implying the full domination of the tachyonic dark energy field over the matter component, Ω m = 1 − Ω φ = 0. For this critical point, we show in Fig. 1 , various regions for the model's parameters which are connected to different cosmological scenarios, corresponding to a stable and stable spiral evolution, respectively.
FIG. 1: (a) The case where the critical point O represents a stable cosmological scenario (left panel); (b) The situation
where O corresponds to a stable spiral evolution, due to complex eigenvalues (right panel).
B. Exponential coupling and inverse hyperbolic sine potential
Here, we investigate the case where the coupling functional is represented by an exponential, g(φ) = g 0 e αφ , with g 0 and α constants. The potential energy associated with the present tachyonic dark energy model is considered to be an inverse hyperbolic sine, V (φ) = V 0 sinh −ω1 (ω 2 φ), with ω 1,2 constants. This type of potential is beyond the usual exponential type considered in many dynamical analysis and is motivated by the recent work in Ref. [47] , where the structure of the phase space for non-canonical fields with the potential energy beyond exponential type was investigated. The potential energy considered in this section, the inverse hyperbolic sine [48, 49] represents a possible parameterization for the dark energy field which is associated to a second order polynomial in the dynamical equation for the dimensionless variable λ. As discussed in Ref. [47] , if we denote f (λ) = λ 2 (Γ − 1) with Γ defined in the relation in Eq. (23), then for this specific potential, the function f (λ) obeys a second order polynomial parameterization f (λ) = aλ 2 + bλ + c, with a, b, c constant parameters. For the specific potential considered here, the inverse hyperbolic sine, we find that
. In this case, the evolution of the dynamical system can be written as the following system of differential equations
and finally the last equation for the dynamical system given by
The total effective equation of state is:
Next, as in the previous case, the critical points are obtained by considering that the RHS of the evolution equations in Eqs. (33)- (36) are equal to zero. For the potential energy of the inverse hyperbolic sine type, the critical points and the main physical properties are expressed in Table I . As can be noted from this table, one can observe two main classes of critical points. The first class, denoted as A represents a critical line which corresponds to a cosmological constant behavior, having an interrelation between the auxiliary variable u associated to the coupling function g(φ) and the strength of the potential energy, embedded into the non-constant λ variable. This epoch corresponds to a de Sitter universe, a critical line where the dark energy field dominates in terms of density parameters. Analyzing the corresponding eigenvalues, due to the presence of a zero eigenvalue, the linear stability method fails to provide a viable theoretical framework for determining the stability properties. Hence, for this critical line we can only argue on the specific cases where we have a saddle cosmological behavior, due to the presence of eigenvalues with both positive and negative real parts. Concerning this critical line, we display in Fig. (2) various regions for the model's parameters which correspond to a saddle cosmological behavior, due to the existence of at least one eigenvalue with negative real part, and at least an eigenvalue with positive real part.
A second class of critical points displayed in Table I is represented by the B j i , i, j = {+, −} critical points which have a scaling cosmological behavior, an epoch in which the dark energy field acts as a matter component and mimics a matter dominated epoch. This type of solutions can in principle solve the cosmic coincidence problem. For these solutions, we have shown in Table I the locations in the phase space and the corresponding physical properties associated. From a physical point of view, the validity of these solutions implies that various existence conditions are satisfied. These corresponds to the requirement that the critical points belong to the real space, and the corresponding density parameters are physically viable, Ω φ = 1 − Ω m ∈ [0, 1]. Moreover, due to the definition of the dimensionless variables within this section, one should add the requirement that the y variable is real and positive and x ∈ (−1, 1) due to the form of the matter (dark energy) density parameter. From the expression of the x variable presented in the table, it can be seen that the existence conditions imply that for the present tachyonic dark energy model w m ∈ [−1, 0). Assuming that the matter component is embedded into the dark matter fluid, this implies that the pressure associated to the dark matter fluid is negative, an exotic situation which is not excluded by different cosmological observations [50] [51] [52] [53] . Moreover, for the critical points B − [+,−] , the existence conditions imply that the product ω 1 ω 2 is negative, while for the solutions B + [+,−] we have an inverted situation, ω 1 ω 2 > 0. Hence, the current tachyonic dark energy model might contribute to a solution of the cosmic coincidence problem due to the scaling solutions since it can recover matter and de Sitter cosmological epochs. Concerning the stability properties, we shown in Fig. 3 various cases which corresponds to the stability associated to the B − − and B + + critical points, determining possible values of the ω 1,2 parameters which result in stable scaling solutions. The present discussion can be adapted also for various potential types beyond exponential which have been studied in Ref. [47] with compatible results.
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IV. CONCLUSIONS
In this paper, we have considered a new dark energy model in the teleparallel equivalent of general relativity, based on modifications due to tachyonic fields which are non-minimally coupled with the torsion scalar and its boundary term. In this approach, the boundary term is related to the divergence of the torsion vector and the torsion scalar reproduces the same theory as GR at the level of the field equations. After finding the corresponding field equations for this tachyonic dark energy model, we analyzed the effects of the non-minimal coupling by employing the linear stability theory. In the first scenario, we considered the case where the coupling function is represented by a power law dependence, and the potential energy term corresponds to an exponential. In this case, we observed that the structure of the phase space has a reduced complexity. The critical points which are present corresponds to a cosmological constant behavior. Hence, in this case one notices that the evolution of the dynamical system can explain the current accelerated expansion of the present Universe due to the cosmological constant behavior of the system at the critical points. However, due to the reduced complexity of the phase space and without the presence of the scaling solutions, the cosmic coincidence problem cannot be alleviated.
A second cosmological scenario was also considered by taking into account that the non-minimal coupling functional has an exponential type parameterization. Concerning the potential energy term in the action, the study considered that the potential is beyond the usual exponential type found in many dynamical constructions in scalar tensor theories. As can be noted from the previous section, the dynamical equation associated to the potential term involves a second order polynomial parameterization. In this specific case in the analysis, the potential corresponds to an inverse hyperbolic sine. For the second cosmological scenario the phase space have a 4-dimensional structure and a richer complexity. As can be noted from the previous section, we have shown that the second cosmological scenario analyzed can reproduce the known evolution of the Universe and solve the cosmic coincidence problem due to the existence of scaling solutions. In these critical points, the dark energy field mimics a matter era due to the specific form the corresponding effective equation of state. However, the existence conditions associated to the scaling solutions imply the existence of an exotic warm dark matter fluid having a limited negative pressure, a comportment not ruled out by present astrophysical observations [10, 50] . Furthermore, the rest of the critical points in the phase space corresponds to a cosmological constant behavior and can explain the current accelerated expansion of the Universe with a constant equation of state.
One can then say that the current dark energy model constructed in the teleparallel equivalent of general relativity modified by a tachyonic field non-minimally coupled with a boundary term represents a potentially realistic model in scalar tensor theory which might solve the cosmic coincidence problem and the nature of the dark energy phenomenon, a feasible tachyonic prototype. This offers one possible alternative avenue to tachyonic fields to compliment the curvature-based work in the literature [17-20, 25, 26] .
